Thermosttating in Molecular Dynamics Simu-
lations

1 Velocity Verlet Integrator

The velocity Verlet method has the form [1]

ri(t+0t) = r(t) +vi(t)ot + a,l-(t)%t2 + O(6t%) (1)
vi(t+0t) = v;(t)+ [a;(t) + a;(t + dt)] % +O(5t?) (2)

where a; = F';/m;, with the mass, m;, and the force, F; of particle i. The forces are
derived from the potential which is a function of the positions of an N-particle system.
For simplicity, in the following the problem is reduced to one cartesian coordinate
only and, hence, the index j is omitted. This algorithm only requires storage of the
positions, 7;, velocities, v;, and accelerations, a;. Initially, the new positions at time
t + 0t are calculated using Eq. (1) and the velocities at mid-step are computed using

vi(t+0t/2) = v(t) + ai(t)% 3)

Then the forces and accelerations at time ¢ + 0t are computed and the velocity step is
completed with

At this point, the kinetic energy at time ¢ + 0t is available. The method uses 9N
words of storage and is numerical stable, convenient and simple. A pseudocode for
performing velocity Verlet dynamics is

1. evolve velocities: v;(t + 0t/2) = v;(t) + a;(t)dt/2

2. evolve positions:
ri(t + 0t) = 7 (t) + vi(t)0t + a;(t)0t? /2 = r;(t) + vi(t + 5t /2)t

3. apply the SHAKE procedure if constraints on internal coordinates are present
4. call force — a;(t + 0t)
5. evolve velocities: v;(t + 6t) = v,(t + 9t/2) + a;(t + 0t)ot/2

6. apply the RATTLE procedure if constraints on internal coordinates are present



2 Thermostats

In the simplest form of reducing the kinetic energy periodically in a simulated anneal-
ing molecular dynamics is to multiply the nuclear velocities by a scaling factor. This
approach does work but it has certain disadvantages [2]. The kinetic energy can vary
widely over the course of a relatively small amount of simulation time, making the
exact amount of kinetic energy lost in a given cooling step essentially random, since it
is proportional to the instantaneous kinetic energy. Furthermore, as the particles move
to parts of the potential energy surface (PES) which are lower than the instantaneous
potential energy, they gain a corresponding amount of kinetic energy as long as the
total energy is kept constant. The kinetic energy gained in this manner may be large
compared with that possessed by the system before. The result is a ‘runaway’ system
which has a temperature much higher than is desired. This runaway behavior is ac-
tually quite common at the beginning of a trajectory if a random starting structure is
chosen because in the region of interest (bound structures), potential energy surfaces
generally tend to be steep over a larger area than they are flat. Both of these features
of the velocity scaling approach to simulate annealing make controlling the annealing
process difficult. Another disadvantage is that there are no well-defined, conserved
quantities.

A temperature based approach to simulated annealing, however, does not suffer
from these deficiencies. The temperature is treated explicitly and can be controlled
directly instead of indirectly as in the case of velocity scaling.

The entire system treated consists of /V real particles (e.g. atoms) and bath particles.
The equations of motion (EOM) of the real particles

pi(r) = Fi(r) &)

are extended by an additional term [3]
pi(r) = Fi(r) —épi(r) (6)

where r; are the positions of the real particles and p, are the corresponding momenta.
The dot denotes that the corresponding parameters are the first derivative with respect
to time. The time development of the positions is unchanged, viz

SEL )

m;

The second term in Eq. (6) couples the real particles to the bath and contains the first
derivative of a thermodynamic friction with respect to time.

2.1 Gaussian Thermostat

One way to define a temperature is to apply Gauss’ principle of nonholonomic con-
straints [4, 5]. In the nonholonomic case the constraints are given by a function
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g(r,v,t) = 0. The constraint is nonholonomic because it includes velocities. The
relation restricting the accelerations, a, is obtained by a single differentiation of g with
respect to time.

dg(ri,vi,t) 09 Ori | dg dv; @
ot o Or; Ot Ov; Ot Ot
B 89 dg dg
= oV 90, T o ®)

The constant temperature constraint has the form

g(r, v, 1) Z mv kaBTset =0 9)

and is nonlinear. In Eq. (9), N, are the degrees of freedom, kp is the Boltzmann
constant and 7. is the desired temperature. Gauss’ principle yields

N N
=1 =1

To derive the Gaussian EOM with the nonholonomic constraint condition, m;a; is
substituted by F'; —&m,;v,. The resulting equation is then solved for the time derivative
of the friction coefficient, £, which yields

N
EpY R (1)
> i1 i
The conserved energy associated with Eq. (6) and Eq. (11) is simply
gGauss - Zm v; + pot {rz}] (12)

The Gaussian thermostat can be easily combined with the velocity Verlet integrator
for the EOM. The computational procedure is the following:

1. calculate the thermostat variable £(t) =[SV | myaq(t) - vy(1)]/[So, mav?(t)]
2. evolve velocities: v;(t + 6t/2) = v;(t) + [a;(t) — v;(£)E(t)]5t/2

evolve positions: 7;(t + 6t) = r;(t) + v;(t + dt/2)dt

apply the SHAKE procedure if constraints on internal coordinates are present

call force — a;(t + ot) = F;(t + ot)/m;

A

evolve particle velocities .
v;(t+ 0t) = v;(t + 0t/2) + [a;(t + 0t) — v;(t + 6t)E(t + 6t)]ot/2
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7. apply the RATTLE procedure if constraints on internal coordinates are present

8. evolve thermostat velocity
§(t+6t) = [0, Filt +01) it + 00))/[205, mavi (t + 6t)]

The particle velocities, v;(t + dt), have to be calculated iteratively, e.g., within a
Newton-Raphson procedure (Appendix A) by solving

. 16t
hi[vi,f’]:bdvl’-—k[ai—ffvi}g—vizo 1<i<N, (13)

where v/ = v;(t + 6t/2). The argument of v;, of a; and &, (¢ + 6t), is dropped for
clarity. The Jacobian matrix is diagonal and its elements are

~ 1. (14)

The initial guess of £°(¢ + 6t) is usually &(t 4 6t/2).

2.2 Global Nosé-Hoover Thermostat

Within the global Nosé-Hoover (NH) thermostat [6] the bath particle itself is subject
of an equation of motion which is simply a function of the kinetic energy of the system
and the desired temperature:

; (15)

N
f = @ [E miv? — kaBTset
=1

where N is the number of degrees of freedom of the real particles, kg the Boltzmann
constant and 7T the desired temperature. Eq. (15) clearly shows the temperature
control mechanism. The term on the right-hand side of Eq. (15) is the kinetic energy
difference between the instantaneous value and that at the desired temperature. If
the instantaneous temperature is higher than the target value, the friction force will
increase and vice versa. In Eq. (15), () is the bath ‘mass’ parameter

Q = ]\[kaT‘setT2 s (16)

where 7 represents a characteristic time scale for the motions of the real particles
[7]. These time scale can be determined by computing the velocity autocorrelation
functions of the particles over a short run and looking at the Fourier transform. The
frequencies should then be chosen to correspond to the main peak of the Fourier trans-
form. Another good rule of thumb in choosing 7 is that the time step will generally
need to be roughly a factor of 20-40 smaller than the shortest period in the system.



Thus, 7 can be chosen based on multiples of the time step used [8]. However, one
must be cautious not to make () too small because this leads to high-frequency oscil-
lations in & and, finally, sampling problems [9].

The conserved energy associated with Eq. (6) and Eq. (15) is [7]

1 L .
Eng = 5 Zmz‘v? + Epot[{ri}] + 5@52 + kajBTset5 (17)

The velocity Verlet integrator for the EOM, Eq. (5), Eq. (7) and Eq. (15), is [10]

ot?

Fi(t 40t = T(t) +0i(8)0t + [ai(t) - fui(wg(t)} s (18)
o = &)+ Ewat+ i’ (19)
vt 40t) = wil)+ [alt) —vi(in)]

+ [ai(t 4 Ot) — it + OE(E+ 5t)} % (20)
Et+ot) = £t)+ [é(t) +Et+ 515)] % . @1

2.2.1 Solve Equations of Motion Iteratively

The procedure for a constant temperature simulation within the NH algorithm using
the velocity Verlet integrator is:

1. update thermostat position, £(t), velocity, £(t), and acceleration, &(t):
o {(t) = 1/Q[X; mivi(t) — NykpTic]

o E(t+0t)2) = £(t) + &(1)ot/2
o E(t+40t) = £(t) + E(t + 6t/2)t
2. evolve particle velocities: v;(t + 6t/2) = v;(t) + [a;(t) — v;(£)E(t)]6t/2
3. evolve particle positions: 7;(t + 6t) = 7;(t) + v,(t + 6t/2)0t
4. apply the SHAKE procedure if constraints on internal coordinates are present
5. call force — a;(t + 0t) = F;(t + ot)/m;

6. evolve particle velocities, v;(t + dt), and the thermostat velocity, £(t + dt), iter-
atively (see below)

7. apply the RATTLE procedure if constraints on internal coordinates are present



Steps 1 to 5 can be calculated without any difficulty. In step 6, the particle velocit-
ies, v;(t 4 dt) and the thermostat velocity, £(¢ + dt), are given by

ot

E(L+6t) = E(t+0t/2)+ 0

Zml (t + 6t) — NkpTuer (23)

In both, Eq. (22) and Eq. (23), v;(t + 6t) and &(t + 6t) appear on the right and left hand
sides. In most cases, therefore, these equations cannot be integrated exactly. However,
it is relatively straightforward to solve Eq. (22) and Eq. (23) numerically [11]. One
possible approach to solve Eq. (24) and Eq. (25) is to use the Newton-Raphson scheme
as described in Appendix A. The equations which have to be solved are of the form

hi[v;, & = ’UH‘[ai—é’Ui]%—’Uz‘:O 1< <N (24)

hvnlvi, € = &+ 5—@

Zmz — NikpTet| 55 —6=0 (25)

where v, = v;(t + 6t/2) and £ = £(t + 6t/2). The arguments of v; and &, (t + ot),
are dropped for clarity. NOTE: h; is a vector that consists of three components, each
for the cartesian coordinates z, y and z!

The following definitions are introduced: x; = v; fori =1,..., N and k; = 5 for
i = N + 1. Hence, the elements of the Jacobian matrix are

;

-1 j=3N+1,k=3N+1
miugdt/Q  j=3N+1,k# 3N +1
Jip = —v;6t/2 j#3N+1,k=3N+1 (26)
—E6t/2—1 j#3N+1, k=
0 else

\

Usually, the initial guess is

‘0 2 ift =0
§(t+5t)—{£()+2£() 5t else 27
v (t+0t) =) (t+6t/2) ,1<i<3N (28)

Note, if constraints on internal coordinates are present the determination of the
velocities is independent of the constraints algorithm used (e.g. RATTLE, SHAKE). !
This is possible because all particles involved in a common constraint must be coupled
to the same thermostat within the present formalism.

'RATTLE enforces > , Vi » V05 = 0 which is independent of a scaling factor on v;.

6



2.2.2 Reversible Velocity Verlet Integrator

In order to derive a reversible integrator (Appendix B) for the NH thermostat combined
with the velocity Verlet algorithm the following Liouville operator is applied [12, 13]:

A

0 0
= sz Z Zf +§ —§+§ - (29)

The approximate discrete time propagator is
ot 0t\ ~ [0t\ ~ [0t ~
0= () (%) 0 () (2) 11
(30)
~ (6t ot\ ~ (ot ot
< (3)(3)n(3)n(3)
where U;(7) = exp(iL;7), 7 = 6t,0t/2. The resulting algorithm has the following
structure [13]:
1. update thermostat velocity & (), and thermostat position, &(t):
o (t+t/2) = £(t) + )5t/
o £(t+0t) = E&(t) + &(t + 6t/2)dt

2. evolve particle velocities: .
v;(t+ 0t/2) = v;(t) x exp [—&(t + 6t/2)t/2] + a;(t)dt/2

3. evolve particle positions:

4. apply the SHAKE procedure if constraints on internal coordinates are present
5. call force — a;(t + 0t) = F;(t + ot)/m;

6. evolve particle velocities: _
v;(t+ 6t) = [vi(t + 6t/2) + a;(t + 6t)dt/2] x exp [—£(t + 6t/2)6t /2]

7. apply the RATTLE procedure if constraints on internal coordinates are present

8. update thermostat velocity:
E(t+0t) = &(t+ 6t/2) + £(t + 0t)ot/2

The thermostat accelerations, § (t), can also be expressed as

£ = 1 lT(t) — 1} : (31)

2
T Tset

Eq. 31 is obtained by substitution of Eq. (16) into Eq. (15).
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2.3 Nosé-Hoover Chain Method

An extension of the Nosé-Hoover thermostat is the Nosé-Hoover chain method (NHC)
[14]. Within the NHC method the NH thermostat is coupled to another thermostat
or, if necessary, to a whole chain of thermostats. Thus uncontrolled fluctuations in
the thermostat degrees of freedom are eliminated and a better temperature control is
yielded. It is shown that this generalization of the original NH method still generates
a canonical distribution (provided that it is ergodic). Ergodicity requires that the dy-
namics of the system covers the whole phase which includes the thermostat variables
[15]. NHC dynamics gives a very good approximation to the canonical ensemble in
pathological cases where the global NH dynamics failed.
For isothermal dynamics the EOM of N particles are [7]:

P

o= (32)

P = Fi—pb (33)

. 1 [ -

S = o > mw? = NekpTee | — 6% (34)

i=1

. 1 ) ..

& = 5 Qg ko] ~G6n =2 M-1 G9)
J

3} 1 )

b = g |Quadli kT (36)

where M is the number of thermostats with masses ();. The bath ‘mass‘ parameters
should be [16]

Q1 = NykpTit’ (37
Qi = kpTewr® , 1<i<M. (38)

Eq. (32) to Eq. (36) have the conserved energy

M
1 1 .
Enne = 5 > mvl + Epl{ri}] + ) §Qj§12'
; =1

M
+ NikpToern + Z §ikBTset

j=2

(39)

The NHC method suffers, however, from the fact that it is only capable of main-
taining adequate temperature control in equilibrium [17]. Any perturbation away from
equilibrium caused, e.g., by the presence of external fields or by motion over higher
barrier, causes the method to break down. One should use a chain length longer than
two in general cases where there is a broad distribution of vibrational frequencies [18].



2.3.1 Solve Equations of Motion Iteratively

As in the case of the global NH thermostat, the EOM can be solved iteratively using
the Newton-Raphson procedure (Appendix A). For a Nosé-Hoover chain consisting of
M units, a set of 3N 4 M equations of the form

3N+M

Ohj(k) .
; ka(s”’“_ h(r) (40)

have to be considered. In Eq. (40), x is defined as one component of the velocity of a
particle, v, for k € [1,3N], and for k € [3N + 1, N + M] as &. For j € [1,3N], hy is

defined as 5t
hj(vs, &) = v — vy + [a; — §vglw 41)

2
and for j € [3N + 1, N + M] by

h3N+1(’Uj7€17£2) = fi“‘

1 N .| oot .
0, E m;jv} — NkpToer — flfz] 5 £1(42)
e
j

. o . 1 . . st .
hsn ik (Ek—1, &k, k1) = 5;2 + [@le€£_1 — kpTset — fk&wﬂ} Et — & (43)
hanim(Evo1,€n) = Ebp+ {LQM1541 - kBTset:| o _ Enr (44)
Qumr 2

This set can be reduced to a set of M equations [11]. In matrix notation these M
equations have the form

J-0€=—Hh (45)
where 65 contains the corrections for the thermostat velocities, & (i = 1, ..., M), the
elements of the Jacobian matrix are given by

( _x

gi i=1j=i
gu 1=M,j5=1
g l<i<M,j=1

Jij = . o (46)
e; l<i<M-1,7=1+1
fi 2<i<M,j=i1—-1
L0 elsewhere
and
o= d M 1=1 @7)
' hsnyi 1 <i< M
In Eq. (47),
3N
. bih;
h3N+1 = h3N+1 - jTJ . (48)
j=1



The parameters in Eq. (46) and Eq. (48) mean

3N
bic;
9 = 91—‘ %
7=1
-0t
g = _€i+1§ -1
gy = —1
ot
b, = mjv;—
J J le
ot
J J 2
- 0t
d = —515 -1
-0t
€ = —fz‘E
. i—10t
o= a9
Q;
The corrections for the velocities, dv;, are calculated with
—hi — ¢,0¢
Jv; = TC& 49)

The procedure for a constant temperature simulation within the NHC scheme using
the velocity Verlet integrator is:

e update thermostat variables &;(t), &(t) and &;(t):

— &i(t) = 1/Qu[X, mivi(t) — NkpToe] — &1()6a(t)

= §(t) = 1/Q4[Q5182 1 (t) — kpTeer] — §(1)Ej11(1),
forl<j< M

— Eu(t) =1/Qu[Qrr 1631 (t) — kpTact]
= E(t+6t)2) = E(t) + & ()dt)2, for j =1,..., M.
— &t 4 0t) = &(t) + &(t + ot/2)dt, for j = 1,..., M.

e evolve velocities: v;(t + 6t/2) = v;(t) + [a;(t) — v;(1)&,(t)]6t/2

e cvolve positions: 7;(t + 6t) = r;(t) + v,;(t + dt/2)dt

e apply the SHAKE procedure if constraints on internal coordinates are present
o call force — a;(t + dt) = F;(t + ot)/m;

e apply the RATTLE procedure if constraints on internal coordinates are present
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e evolve velocities v;(t + 0t), &;(t + 0t) iteratively via the Newton-Raphson pro-
cedure, Eq. (45).

This method to solve the NHC EOM is not very common. Apparently, the iterative
procedure lacks of steadiness.
2.3.2 Explicit Reversible Velocity Verlet Integrator

An integration scheme for NHC dynamics can be formulated also using the approach
described in Appendix B. The Liouville operator for the EOM is [16]

~

1L = iﬁl +iz2+iﬁNHC
SIS S

i i M-1 9 9
_ — 1) - — 50
;@pz apf;f a&w; — &) - a&+£M S (50)

Using the simple generalization of the Trotter formula, Eq. (B-5), the evolution oper-
ator to can be written as
A i ot s Ot e
G(dt) = exp (ZLNHCE) X exp (1L 5) X exp (iLy0t)
ot .ot 1)
X exp (ing) X exp (iLNHCE) + O(6t?)

where il and ﬁz retain their definitions in Eq. (29) and il NHC = il — z’ﬁl — z’ﬁz
consists of the remaining terms in Eq. (50). The NHC part of the evolution operator,
exp (iLygc), is modified such that multiple time steps (Appendix B.2) can be used
[16]:

- 5t . ot
exp (ilnno Hexp iLyne ) (52)
2 ot ot - 0 oo o
exp (ZLNHCQHC) = exp (- (%M) p(—gnc - 8£M_1)
" ( 5t 0 ) % ( 5t . 0 )
exp exp (— R
4 an 1 an 1
5t
x exp ( Z&pla ) x exp ( Zﬁl (53)
5t 0 5t 0
X e X
o g b ) e )
X exp (— - .8 )xexp(ét 0 )
OEp—1 Ou
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In Eq. (53), a multiple time, n. > 1, has been used. For typical simulations, n. can
be set to one. Howeyver, if the time scale associated with the NHC, 7, is small, n,
must be taken rather large to generate accurate trajectories. Substantial improvement
can be obtained by using a higher order integration algorithm, e.g. the Yoshida Suzuki
integration scheme (Appendix B.3):

Ne

A ot
exp (ZLNHC§> = H [

i=1

- o w;ot
HeXp (ZLNHC QJTL )] 5 (54)

j=1

where w; are chosen such that when expl[i Ly 0t/ (2n.)] is approximated as in Eq. (53)
and the error is O[6t/(2n,.)]° (Appendix B.3). The values of w; are depending on m
and are summarized in the table below.

Yoshida Suzuki Integration Parameters [16, 8].

m wj

11

3 wy=ws=1/(2-2Y3),wy=1-2u,
5wy =gy

7w =wr; = —1.17767998417887

wy = wg = 0.235573213359357

ws = wy = 0.78451361047756

Wy = 1—2(w1+w2+w3)
25wy = piple k=15

YoSU
ij

L (55)

_J1- 2 ifimod3 =0
B Yy else

where b; = 5w andi=2,...,5and j = 1,...,5[8].

The approach described appears to be rather complicated. However, it is straight-
forward and computationally inexpensive to implement. First the operator
exp (iLngcdt/2) is applied to update {€, €, v}. Next, the updated particle velocit-
ies as used as input to the usual velocity Verlet step, Eq. (2). Then the operator
exp (i Ly iedt/2) is applied once more to the output of the velocity Verlet step.

The direct translation technique, Eq. (B-9)-Eq. (B-11), can be used to convert the
operator exp [i Ly ycw;0t/(2n,)] into a set of instructions analogous to Eq. (52):

get akin = YN | myv;
dok=1,n,

doj=1m
0ty = w;ot/n,
— calculate thermostat acceleration
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& = (akin — NikpTser)/ Q1
dot=2M
& = Q&1 — kpTur) /Qs
enddo
— update the thermostat velocities
Enr = En + 0L /4 - €
doi=1,M—1
aa = exp (—6t,/8 - Enrir )
5A4,i:: €A44¢- aa2-+-5ts/4f~éj44¢)~ aa
enddo
— update the particle velocities
aa = exp (—0t,/2 - &)
dot=1N
v, =V, - aa
enddo
— update the thermostat positions
dot=1,M
& =&+ 6ts/2- &
enddo
— update thermostat accelerations
enddo
akin = aa® - akin

& = (akin — NkpTee)/Qu

doi =2 M

§i = (Qina€l 1 — kpToer) Qs
enddo
— update thermostat velocities
doi=1,M—1

aa = exp (—0t,/8 - &11)
& =& - aa® + 0ts /4 - fz) - aa
&1 = (Qi€} — kpTer)/Qina
enddo
Ear = Enr + 0t /4 En
enddo

enddo
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Note, a time-saving feature has been employed. The effect of the operator
exp [iLypcw;0t/(2n,)]is to scale the particle  velocities by the factor
exp [—&w;0t/(2n.)]. The only coupling of the particle velocities to the thermostat
variables occurs through the total atomic kinetic energy Zfil m;v; which appears in
the acceleration on the first thermostat, 51 In addition, the total particle kinetic en-
ergy can be evolved by multiplying by the factor exp [—éleét /(2n.)] at each step in
the iteration. The entire propagator may be implemented by performing the proced-
ure defined in the instructions above, before and after performing the velocity Verlet
integrator.

When the bath particles have small masses, relative to the rest of the system, a
shorter time step must be used in the integration of the EOM. However, the use of the
multiple time step approach alleviates this problem [2].

2.4 “Massive” Nosé-Hoover Chains

One attractive feature of the Nose Hoover thermostat methods is that they may be eas-
ily extended to include multiple thermostats. The ability to couple different degrees of
freedom with different energy flow characteristics to separate thermostats is very use-
ful in various situations. For example, separate thermostats can be coupled to solvent
and proteins degrees of freedoms to keep them at the same temperature in simulations
of a protein in solution. This often a problem in NVE simulations. Separate thermo-
stats can also be used to keep nuclear degrees of freedom hot and electronic degrees
of freedom cold, i.e., on the Born-Oppenheimer surface, a requirement that is crucial
in CPMD simulations. As a rapid equilibration technique for proteins each degree of
freedom is coupled to a separate NHC. This technique is referred as “massive” Nosé-
Hoover chains (MNHC) [15].

Considered are n chains where the jth chain is coupled to g; degrees of freedom
and

9=>_9 (56)
j=1

is the total number of degrees of freedom in the system. Newton’s EOM for the ith
degree of freedom coupled to the jth chain is

F’i .

ml-j

- Uz‘jélj (57)

aij =

where élj is the velocity of first thermostat in the chain. The EOM for the thermostat
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variables in the jth chain containing M thermostats at a temperature 7); ;.; are

) 1 9j
flj = Q—1 [Z mij'vzzj - gjkB j,set 51]52_] (58)
J Li=1
. 1 o .
Eoj = Q—k [Qk—l,jfk—m — kgTj, set] = &kilriry k=2, M =1 (39)
J
. 1 ‘9
fMj = Q—M |:QM*1J§M71,J' - kBijset:| ) (60)
J

where (), is the mass of the kth thermostat variable in the chain. It can be shown that
the extended system has the conserved quantity

N
gMNHC = %ijv? +E pot {'I"]} Z Z QU ij
j=1

]121

n n M
+ Z gjfljk'BT‘j,set + Z Z fijk'BT‘j,set
j=1

=1 i=2

(61)

Note, that the “massive” NH method corresponds to M = 1 in the above equations.

The rate of convergence of a system to the canonical ensemble can depend on the
choice of the thermostat mass parameters, ;. In the case of “massive” chains all the
masses in a given chain are the same (since g; = 1) and equal to

m .
ij = —]kBT setT (62)
myg

where my is the mass of a hydrogen atom, so that relative rates of thermostat fluc-
tuations are inversely proportional to the masses, m;, of the particles to which the
thermostats are coupled [15].

MNHC simulations are quite sensitive to initial conditions. However, this sensitiv-
ity could be eliminated by coupling an additional chain with a thermostat time scale 7’
to the whole system [8].

The use of multiple NHC with “massive” chains as an extreme example appears
especially promising for controlling the temperature in MD simulations of heterogen-
eous biological systems with weak couplings between intramolecular and intermolecu-
lar degrees of freedom (e.g., solvated proteins or biological membranes).

Note that, in a system with constraints and multiple chains of thermostats on the
particle degrees of freedom (e.g., all atoms of type X thermostated with one chain
and all atoms of type Y with another), atoms involved in a common constraints must
be thermostated by the same chain, independent of the integration algorithm applied.
If this is not the case the number of degrees of freedom (/Ny) associated with each
individual chain becomes a complicated function of the particle positions [16].
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2.5 Generalized Gaussian Moment Thermostat

A relatively new method for generating the canonical ensemble via continuous dy-
namics is to control the fluctuations of an arbitrary number of the multidimensional
Gaussian moment distribution function [17]. This method is called generalized Gaus-
sian momentum thermostat (GGMT). Comparison of the GGMT to NHC dynamics
shows that it performs as well or better in equilibrium calculations and leads to super-
ior results in non-equilibrium situations, including, e.g., barrier crossing. Therefore,
the GGMT method emerges a useful new molecular dynamics tool which should be ap-
plicable to a variety of different kinds of calculations including equilibration, simulated
annealing, classical and quantum canonical averages, non-equilibrium simulations and
ab initio molecular dynamics.
The EOM within the GGMT approach have the form

D;

o= (63)
M n

. : k' Tse n—k _

b = Fz-({rz-})—Zan%S’“ 'p; (64)
n=1 k=1 -

: — - (kBTset) -k k—1] ¢

gn = (kBTse )n ! + S gn (65)

' ; NyCr_s
&, = o —Nf(kBTset)" n=1....M (66)

for an N-particle system coupled to a set of 2)/ additional variables, where M is
the total number of non-vanishing, i.e., even, moments of the Gaussian distribution in
momentum. The dynamics is designed to control the fluctuations in these Gaussian
moments. In Eq. (63)-Eq. (66), the quantity S = sz\il miv? and the constants, C,,,
are defined to be C,, = [[,_, (N + 2k) with Cy = 1. The conserved energy attributed
to Eq. (63)-Eq. (66) is

M 2

1 Pe,

Eaamr = 2 Z mi”? + Epor[{ri}] + Z 25
i n=1 n

It is clear from the EOM that the thermostat variables, &,,, are all dimensionless, while
their corresponding momenta, pe, , are dimensioned as (energy)” x (time). Therefore,
the time scale parameters, (,,, have dimensions (energy)?"~!x(time)? and should be
chosen according to @, = A,(kpTe)*" '7%,  where A, =[N;/C,_4]
Y pe1(Crik—2/Cl_1) and T is some appropriate time scale of the system. This choice
of masses has been obtained by performing a harmonic analysis of the EOM in a
manner similar to that presented in Appendix B of Ref. [14].

For most systems M = 2,3 is already generally sufficient [8]. A good rule of
thumb in choosing 7 is that this time step will generally need to be roughly a factor of
20-40 smaller than the shortest period in your system. One logical choice might be to

M
+ NekpTer Y 6n (67)
n=1
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choose a lower frequency in your spectrum. Thus, one can choose 7 based on multiples
of the time step (which helps considerably to understand the time scales choosen and
correlate them with the power spectrum).

Consider the fourth-moment (M = 2) GGMT coupled to an N-particle system in
three dimensions. The corresponding Liouville operator is

. al 9 071 .
L = v,-— +F;-— | +iLaamr (68)
— or; 8pi
N 9 N2
. o . 9 J 2
iLaaur = A&, &2) ;pz op,; 3N + B (kz . ) <; b; 8pl>
.0 0 0 ~ 0
+ S~ +9(p; + G1(p; + Gs 69
Sige +op, Joo % 1(10)851 (p; )(%2 (69)
where (&, &) is defined as
M1 &) = & + kT (70)
and
| N
g(pz) = kBTset_}_F mk’U%
F k=1
) N
Gi(p) = Y msvi — NpkpTee
k=1
Ga(p;) = Nf =3 <Z mk'vk> — N (kpTset)® (71)

The basic factorization of the propagators, exp (iLdt) and exp (Zfzgq M), 18 similar
to that of Eq. (51) and Eq. (52), respectively. The operator exp (i Lagurdt;/2) is
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factorized according to

. Ot O0t: - 0 O0t: - 0
exp (ZLGGMT—]) = exp <ZJG1(pZ-)—.) X exp <—jG2(pi)—.)

2
5t; s~ 0
X exp —?]/\(51,52)221'028'0@>
ot 1 YN (&S o
X exp _Z&Nf—}-Q <Zmz’vl> (Z’Uza—vl

N
< oxp [ —2NELE)S v

S o

X €exp —?])\(flafz)zviav)
ot 1 A N
X exp _Z&Nf—}-Q (Zmz’vz> <ZUZ(9—’UZ

L k=1 =1
St L9
X exp _ng(gl’éé)Z'via’lf
i=1 v
5t - 0 5t; 0
X exp (Z@(p»a—&) X exp (Za(p»a—&) )

(73)

Using the simple generalization of the Trotter formula, Eq. (B-5), the evolution
operator to can be written as

G(8t) = exp (iﬁGGMT%) X exp (zIAq%) x exp (iL,0t)

.~ Ot A ot 74
X exp (iLli) X exp (iLGGMTE) + O(5t?)

where il and iz retain their definitions in Eq. (29) and iEGG MT = il — if)l — z’iz
Since, according to Eq. (74), the thermostat operator is applied before and after a
full velocity Verlet step, standard SHAKE and RATTLE procedures for enforcing con-
straints on internal coordinates can be applied in the usual manner, i.e., SHAKE after
the position update and RATTLE just before the second application of exp (i Laaarrot/2).
In addition, for N particles in three dimensions subject to 7.y, the number of de-
grees of freedom is no longer Ny but, in general, Ny — Nconer. For an N-atomic
molecule in vacuum, for which the translational motion of the center of mass and the
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angular momentum relative to the center of mass is removed and on which 7.y, s¢
constraints have been imposed, Ny = 3N — nconeer — 6 [19].

A C code for the implementation of NV particles coupled to the GGMT for the case
of M = 2 as well as the case of arbitrary M can be found in the EPAPS material (see
EPAPS Document No. E-JCPSA6-112-513948. This document may be retrieved via
the EPAPS homepage, http://www.aip.org/pubserv/epaps.html, or from ftp.aip.org in
the directory /epaps/. See the EPAPS homepage for more information.)

A Newton-Raphson Procedure [20]

A typical problem gives 3N + 1 functional relations to be zeroed, involving variables
Kiyt=1,2,...,3N 4+ 1:

hi(lil,lig,...,ligN+1):0 > 221,2,,3N+1 . (A—l)

Let k denote the entire vector of values ~; and h denote the entire vector of functions
h;. In the neighborhood of x, each of the functions /; can be expanded in Taylor series

3N+1

h;(k + 6k) = hj(k Z 6% Oh;(r) r+O0KY) L k=1,....3N+1 (A-2)
k

The matrix of partial derivatives appearing in Eq. (A-2) is the Jacobian matrix J:

8hj (/i)
g, = A=
ij 8@ ( 3)
In matrix notation, Eq. (A-2) is
h(k+ k) = h(k) + J - Kk + O(0K?) (A-4)

By neglecting terms to the order of dx? and higher a linear set of equations for the
corrections d« is obtained which move each function h; closer to zero simultaneously,

namely
J -0k =—h (A-5)

This equation can be solved by LU decomposition [20]. The corrections, dk, are added
to the solution vector,
Knew = Kold 1 oK ) (A'6)

and the process is iterated to convergence.
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B Reversible Reference System Propagator Algorithms
[12]

B.1 The Trotter Expansion of the Liouville Propagator

The Liouville operator Lfora system of Ny degrees of freedom is defined in cartesian
coordinates as

. 0 0
[, = i — + F.—— B-1
j {xj oy ap]} (B-1)

where I' = {x;, p;} are the positions and conjugate momenta of the system and F; is

the force on the jth degree of freedom. L is a linear Hermitian operator on the space
of square integrable functions of I'. The classical propagator is the

A~ A

U(t) = exp (iLt) (B-2)

and the state of the system at time ¢ is given by

A~

I(t) = U(#)D(0) . (B-3)

The operator U is unitary, i.e., U(—t) = U~'(t). In the following the Liouville oper-
ator is decomposed into two parts such that

iL =ily +ily . (B-4)

For this decomposition the Trotter theorem [21] yields

. . . . P
expli(ly+ L)) = [expli(hy + Lo/ P]
P
= {exp (zﬁl%) x exp (iL0t) X exp (zﬁl%)]
+ O/P?) | (B-5)
where 6t = ¢/ P. From this the discrete time propagator is defined as
A ~ [0t - ~ (Ot
. Ot P .~ Ot
= exp (ZLli) x exp (iL20t) X exp (leE) . (B-6)

The three factors in G (dt) are separately unitary and, therefore, G(6t) is also unitary,
i.e., G71(t) = GT(t) = G(—t). This means that any integrator based on this Trotter
factorization will be time reversible.
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The formal solution for any decomposition of the Liouvillian can be generated as
follows: Defined are the propagators

T, [6¢; T(0)] = U, (66)T(0) (B-7)
and X

[o[6t; T(0)] = Ua(0t)T(0) (B-8)
which are the state at time 6t when the system is propagated by U (5t) or Uy (dt),

respectively, starting from the state I'(0). Then by applying the operators in Eq. (B-6)
serially to ['(0) yields

v = 0, (%) (640, <52t) T(0)
= U (%) T,(6t)T, Bt F(O)} (B-9)
= 0 (%) Ty {5t;F1 {%;F(O)” (B-10)

Oq
|~

= F1(2 {5t Iy {%;F(O)”) . (B-11)

This scheme can be translated into a computer code very simply:

1. Start with the initial state ['(0) and generate the motion under the propagator
exp (1L16t/2). This yields the state I';[6¢/2; T'(0)].

2. Use the state just generated as the initial state and generate the motion using the
propagator exp (iL,0t). This yields the state I'o{dt; I";[6¢/2; T'(0)]}.

3. Start with state generated in step 1 as the initial condition and generate the mo-
tion using exp (iL10t/2). This yields the final state I'(dt) specified in Eq. (B-11).

The solution for a more sophisticated propagation proceeds analogously.

The Trotter expansion carried out to higher orders will yield higher orders integrat-
ors. For example, to obtain an integrator with an error of O(5¢*) one would start with
the Trotter expansion

P . Ot .~ Ot
exp (i(Ly + Lo)dt) =~ exp <iL1§) X exp (iLg;)

- 5t3
x Y (-l (B-12)
61% -~ Ot
X exp (iLgE) X exp (iLlE) :
where X X X o
—iC = [(iLy + 2iLs), [iLy,iLs]] . (B-13)
In Eq. (B-13), [---,---] denotes Lie brackets or commutator. The disadvantage of

using such a higher order integrator is that the commutator will bring in derivatives of
the force with respect to positions which may be difficult to calculate.
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B.2 Systems with Multiple Time Scales

Systems consisting of high frequency oscillators coupled to low frequency oscillators
or slow baths, and systems consisting of massive (slow moving) particles interacting
with light (fast moving) particles are systems with two or more time scales. Obviously,
such systems have a so-called disparate mass problem. Methods for accelerating the
integration of the EOM of such systems are based on defining a reference system for
the “fast” subsystem. The “fast” subsystem is solved either analytically or numer-
ically for a sequence of small time steps, deriving EOM for the deviations from the
exact trajectory and then solving the EOM for this deviation and for the slow degrees
of freedom numerically using a much larger time step. When the reference system
is solved numerically the method is called RESPA (reference system propagator al-
gorithm), whereas when it solved analytically the method is called NAPA (numerical
analytical propagator algorithm).

Consider the case where the degrees of freedom of the system can be subdivided
into fast and slow degrees of freedom labeled x and y, respectively. E.g., a binary
mixture of heavy particles (the y subsystem) and light particles (the x subsystem).
Then we can decompose the Liouvillian as

il =il,+iL, (B-14)
where
R 0 0
L, =12— + F — B-1
ile =dm- + x(:c,y)apx (B-15)
R 0 0
Ly =9— + Fy,(x,y)=— (B-16)
Yy ay y( )apy

The propagator can thus be factorized as
A s Ot o . Ot
Gy (08) = ) (iLo) X exp (iLy0t) x exp (iLa~) (B-17)

This Ga:yx factorization the first and last propagators involve the fast motion whereas
the middle propagator involves the slow motion. The fast propagator can be further
factorized:
. Ot
exp <ZL15) =

Ae 00 e (a2 x o (A0 0 vz (B-18)

exp (—F,—) X ex T—) X exp (——=F,—

p p Pl o kg,

2 T Op. ox
where At = §t/n The propagator in the middle in Gwyw can also be factorized but it
involves the slow motion only:

. Ot ot . 0 .0 otot . 0
exp (ZLy§> = eXp(EF ) X exXp (6tya_y> X exp(;EFy%)
Yy

— B-1
Yy (B-19)

22



If these factorizations are used in Eq. (B-17) the fast degrees of freedom and their
conjugate momenta {x, p,} are determined numerically using the velocity Verlet in-
tegrator iteratively for n small time steps At subject to whatever the initial conditions
might be, whereas the slow degrees of freedom are determined using the velocity Ver-
let integrator for only one large time step ¢. From application of G’WE the following
procedure can be derived:

1. Use the velocity Verlet integrator for n/2 time steps At = ot /n to generate the
state at time 6¢/2 under the action of the propagator exp (i L,dt/2) starting from

the initial state {x(0), y(0), p.(0), p,(0)}.

2. Use the velocity Verlet integrator for one time step 0t to advance the system from
the final state of step 1 using the slow propagator, Eq. (B-19)

3. Use the velocity Verlet integrator for n/2 time steps At = ot /n to generate the
state at time 6¢/2 under the action of the propagator exp (iL,0t/2) starting from
the initial state of step 2.

The forces of the slow coordinates are recalculated only once every time step,
0t = nAt. If the dimensionality of the fast subsystem is small compared to the dimen-
sionality of the entire system, the forces on the slow coordinates will thus be calculated
much less frequently than would be required in the standard methods.

B.3 Higher Order Integrators

Higher orders integrators generated from low-order integrators due to the Yoshida-
Suzuki integration [7, 16] are particularly useful for integrating the EOM of the Nose-
Hoover and generalized Gaussian moment type of thermostats. Suppose the Liouville
operator has the general form

M
iL=> il . (B-20)
k=1
The symmetric Trotter factorization of the corresponding propagator is
- . Ot . ot
Uy (6t) = exp <iL1§) X+ X exp (iLM—1§)
X exp (iIA/Mét) (B-21)
ot ot

X exp (iIA/M_li) X+ X exp (@f/1§)

It has been shown that all higher order integrators of the form Ugm((it) satisfy the
recursion relation

Uy (6t) = Unp_1(61)
. 2 . > (B-22)
_ Uzm,g(wmat)] U5 (1 — d10,)5¢) % Uzm,g(wmat)] ,
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where
1

~ 4 _ 41/@m-1) (B-23)

W

Thus, starting with Eq. (B-21), Eq. (B-22) can be used to generate higher order factor-
izations corresponding to higher order integrators. Eq. (B-22) reveal that even and odd
order integrators are equivalent and in particular U,(5t) = Uy (6t) which simply ex-
presses the fact that Eq. (B-21) is accurate to O(6¢?). Usually the thermostat propaga-
tion is done using the fifth (=sixth)-order integration algorithm, i.e., m = 3 in Eq. (B-
22) [7, 16].
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